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IIT Orthogonality

1.1 Orthogonality and Projections

I11.1.1 Orthogonal vectors

Recall that the dot product, or inner product of two vectors

T Y1

Z2 Y2
X = . Yy =

Tn Yn

is denoted by x -y or (x,y) and defined by
A1

Ty = [or @ o aa] || =3
"

Some important properties of the inner product are symmetry

and linearity
(c1x1 4+ coX2) "y = 1X1 -y + c2X2 - Y.

The norm, or length, of a vector is given by

%[l = vx-x =

An important property of the norm is that ||x|| = 0 implies that x = 0.
The geometrical meaning of the inner product is given by
x -y = [[xllllyl| cos(6)
where 6 is the angle between the vectors. The angle 6 can take values from 0 to 7.
The Cauchy—Schwarz inequality states
x-y] < Ixlliyl

It follows from the previous formula because | cos(f)| < 1. The only time that equality occurs
in the Cauchy—Schwarz inequality, that is x-y = ||x]|||y||, is when cos(f) = £1 and @ is either
0 or . This means that the vectors are pointed in the same or in the opposite directions.
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II1.1 Orthogonality and Projections

The vectors x and y are orthogonal if x - y = 0. Geometrically this means either that one
of the vectors is zero or that they are at right angles. This follows from the formula above,
since cos(#) = 0 implies 0 = 7/2.

Another way to see that x - y = 0 means that vectors are orthogonal is from Pythagoras’
formula. If x and y are at right angles then ||x||? + ||ly||? = ||x + y||*.

Mty

But [x+y|? = (x+y) (x+y) = [x]|? + |lyl|* + 2x - y so Pythagoras’ formula holds
exactly when x -y = 0.

To compute the inner product of (column) vectors X and Y in MATLAB/Octave we use
the formula x -y = x’y. Thus the inner product can be computed using X’*Y. (If X and Y
are row vectors, the formula is XxY’.)

The norm of a vector X is computed by norm(X). In MATLAB/Octave inverse trig functions
are computed with asin(), acos() etc. So the angle between column vectors X and Y could
be computed as

> acos(X’*Y/ (norm(X)*norm(Y)))

111.1.2 Orthogonal subspaces

Two subspaces V and W are said to be orthogonal if every vector in V' is orthogonal to every
vector in V. In this case we write V'L W.

In this figure V. 1L W and also S L T.
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IIT Orthogonality

A related concept is the orthogonal complement. The orthogonal complement of V', denoted
V1 is the subspace containing all vectors orthogonal to V. In the figure W = V-+ but T' # S+
since T' contains only some of the vectors orthogonal to S.

If we take the orthogonal complement of V+ we get back the original space V: This is
certainly plausible from the pictures. It is also obvious that V C (V1) since any vector in
V is perpendicular to vectors in V+. If there were a vector in (V+)* not contained in V we
could subtract its projection onto V' (defined below) and end up with a non-zero vector in
(V)L that is also in V+. Such a vector would be orthogonal to itself, which is impossible.
This shows that

(VHr=V.

One consequence of this formula is that V' = W= implies V- = W. Just take the orthogonal
complement of both sides and use (W)L = W.

111.1.3 The fundamental subspaces of a matrix revisited

Recall that we discovered orthogonality relations between vectors in the fundamental sub-
spaces of an incidence matrix for a graph. Now we will show that these relations are valid
for any matrix A.

These relations are based on the formula
(ATx) -y =x- (Ay)
This formula follows from the product formula (AB)T = BT AT for transposes, since

(ATx) -y = (ATx)Ty = x"(A")Ty = x" Ay = x - (4y)

Let A be an m x n matrix. Then N(A) and R(AT) are subspaces of R” while N(AT) and
R(A) are subspaces of R™. These two pairs of subspaces are orthogonal:

We will show that the first equality holds for any A. The second equality then follows by
applying the first one to AT

First, we show that N(A) C R(AT)L. To do this, start with any vector x € N(A). This
means that Ax = 0. If we compute the inner product of x with any vector in R(AT), that
is, any vector of the form ATy, we get (ATy) - x =y -Ax =y-0=0. Thus x € R(AT)*.
This shows N(A) C R(AT)*.

Now we show the opposite inclusion, R(AT)+ C N(A). This time we start with x €
R(AT)*. This means that x is orthogonal to every vector in R(AT), that is, to every
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II1.1 Orthogonality and Projections

vector of the form AT0. So (AT0)-x = 0 (Ax) = 0 for every 0. Pick 0 = Ax. Then
(Ax) - (Ax) = ||Ax||*> = 0. This implies Ax = 0 so x € N(A). We can conclude that
R(AT): C N(A).

These two inclusions establish that N(A4) = R(AT)*.

Let’s verify these orthogonality relations in an example. Let

1 211
A=1|1 3 0 1
2 51 2
Then
10 31 (1) (1) 1
rref(A)= |0 1 —1 0| 1ref(AT) =
00 00 000
0 00
Thus we get
[—3 -1
N(A) = span 1 , 8
o] |1
i 2
R(A) =span< 1], |3
2] |5
[—1
N(AT) =span{ | -1
|1
1 0
™ 0 1
R(A") = span N
1 0

We can now verify directly that every vector in the basis for N(A) is orthogonal to every
vector in the basis for R(AT), and similarly for N(AT) and R(A).

Does the equation

2
Ax = |1
3
have a solution? We can use the ideas above to answer this question easily. We are really
2
asking whether [1] is contained in R(A). But, according to the orthogonality relations, this
3
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IIT Orthogonality

2
is the same as asking whether [1| is contained in N(AT)L. This is easy to check. Simply
3
compute the dot product
2 -1
1{-|-1| =-2-1+3=0.
3 1

Since the result is zero, we conclude that a solution exists.

111.1.4 Projections

Let start with the formula for the projection of a vector x onto a line containing the non-zero
vector a.

The length of the projected vector p is

|alll|x][cos(d) a-x a'x
lpll = ||Ix|| cos(8) = _ _

To get the vector p start with the unit vector a/||a|| and stretch it by an amount ||p||. This
gives

a 1 T
p=lpli 5 = zaa x
lall - llall?

This can be written p = Px where P is the projection matrix

1 T
B
The matrix P satisfies two properties:
(1) P’=P
and
(2) PT =P

Property (1) says that any vector in the range of P is not changed by P, since P(Px) =
P?x = Px.
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II1.1 Orthogonality and Projections

Property (2) implies that N(P) = R(P)*. This follows from the orthogonality relation
N(P) = R(PT)* since P = PT.

Any matrix satisfying (1) and (2) is called an orthogonal projection. (Warning: this is a
different concept than that of an orthogonal matrix which we will see later.)

1 1
Example: What is the projection of x = [1| in the direction of a = 2|7 Let’s calculate
1 -1

the projection matrix P and compute Px. We can also verify that P> = P and PT = P.

>x = [1 1 1]7;
>a = [1 2 -1]’;
>P = (a’*a) "~ (-1)*axa’

0.16667 0.33333 -0.16667
0.33333 0.66667 -0.33333
-0.16667 -0.33333 0.16667

>P*xx
ans =
0.33333
0.66667
-0.33333
>P*xP
ans =
0.16667 0.33333 -0.16667
0.33333 0.66667 -0.33333
-0.16667 -0.33333 0.16667

The projection of x on to the plane orthogonal to a is given by q = x — p.

Thus we can write
q=x—Px=(I-P)x=0Qx

where

Q=I-P

71
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The matrix @ is also an orthogonal projection, since
Q*=(I-P)(I-P)=1-2P+P>=1-P=Q

and
QT=1"-P'=1-P=qQ.

Continuing with the example above, if we want to compute the projection matrix onto the
plane perpendicular to a we compute @Q = I — P. Then @x is the projection of x onto the
plane. We can also check that Q% = Q.

>Q =eye(3 - P

0.83333
-0.33333
0.16667
>Q*x
ans =
0.66667
0.33333
1.33333
>Q°2
ans =

0.83333
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II1.1 Orthogonality and Projections

R{A) = pozable valnez of Ax

-0.33333 0.33333 0.33333
0.16667 0.33333 0.83333

111.1.5 Least squares solutions

Suppose that b ¢ R(A) so that Ax = b does not have a solution. What vector x is closest
to being a solution?

We want to determine x so that Ax is as close as possible to b. From the picture, we can
see that this will happen when Ax — b is orthogonal to R(A). But the vectors orthogonal to
R(A) are exactly the vectors in N(AT). Thus the vector we are looking for will satisfy the
equation

AT Ax = ATb

This is the least squares equation, and a solution to this equation is called a least squares
solution.

(Aside: We can also use Calculus to derive the least squares equation. We want to minimize
|Ax — b||>. Computing the gradient and setting it to zero results in the same equations.)

It turns out that the least squares equation always has a solution. Another way of saying
this is R(AT) = R(AT A). Instead of checking this, we can verify that the orthogonal com-
plements N(A) and N(AT A) are the same. But this is something we showed before, when
we considered the incidence matrix D for a graph.

If x solves the least squares equation, the vector Ax is the projection of b onto the range
R(A). If AT A is invertible (this happens when N(A) = N(ATA) = {0}), we can obtain a
formula for the projection. Starting with the least squares equation we multiply by (AT A)~!
to obtain

x = (ATA)1ATb

so that
Ax = A(ATA)7tATb.

Thus the projection matrix is given by

P =A(ATA)71AT

73
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It is worthwhile pointing out that if we say that the solution of the least squares equation
gives the “best” approximation to a solution, what we really mean is that it minimizes the
distance, or equivalently, its square

|4x = b[|* = > ((4x); — b;)?.
There are other ways of measuring how far Ax is from b, for example the so-called L' norm
IAx = bll = > [(Ax); — by

Minimizing the L' norm will result in a different “best” solution, that may be preferable
under some circumstances. However, it is much more difficult to find!

I11.1.6 Straight line fit

Suppose we have some data points (z1,y1), (z2,42), - -, (Tn, yn) and we want to fit a straight
line y = ax + b through them. This is similar to the interpolation problems we considered
before, but now there is no solution, unless, of course, the points actually do happen to all
lie on a single line.

The equations we want to solve are

ar1+b=1
azry +b =y
axy, +b=yn

The unknowns are a and b. The matrix form of the equation is

rp 1 Y1

x2 1| g . Y2
. b N .

Ty 1 Yn

These equations will not have a solution (unless the points really do happen to lie on the
same line.) To find the least squares solution, we compute

r1 1
|:£L'1 xTg - xn} T2 1 {Zm? Zazz}
11 - 1 : | Xa on
Ty 1
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and
n
T X2 - Ty |Y2 _ > xiYi
1 1 ... 1 : Sy
Yn

This results in the least squares equations
i Y| [a] _ [X wiys
Yxioon | [b] [ X

which are easily solved.

111.1.7 Football rankings

We can try to use least squares to rank football teams. To start with, suppose we have three
teams. We pretend each team has a value v, v9 and v such that when two teams play, the
difference in scores is the difference in values. So, if the season’s games had the following
results

1vs.2(30]40
1vs. 220140
2vs.3|110| O
Jvs.1| 0] 5
3vs.2| 5] B

then the v;’s would satisfy the equations

vo — v = 10
vy —v1 = 20
vy — vz = 10
V] — U3 =5

1)2—?)320

Of course, there is no solution to these equations. Nevertheless we can find the least squares
solution. The matrix form of the equations is

Dv=>b
with
-1 1 0 10
-1 1 0 20
D= 01 -1 b= 110
-1 0 1 5
0 1 -1 0
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The least squares equation is

DT'Dv =DTv
or
3 -2 -1 -35
-2 4 —=2|v=140
-1 -2 3 -5

Before going on, notice that D is an incidence matrix. What is the graph? (Answer: the
nodes are the teams and they are joined by an edge with the arrow pointing from the losing
team to the winning team. This graph may have more than one edge joining to nodes, if
two teams play more than once. This is sometimes called a multi-graph.). We saw that in
this situation N (D) is not empty, but contains vectors whose entries are all the same. The
situation is the same as for resistances, it is only differences in v;’s that have a meaning.

We can solve this equation in MATLAB/Octave. The straightforward way is to compute

>L = [3 -2 -1;-2 4 -2;-1 -2 3];

>b = [-35; 40; -5];

>rref ([L bl)

ans =
1.00000 0.00000 -1.00000 -7.50000
0.00000 1.00000 -1.00000 6.25000

0.00000 0.00000 0.00000 0.00000

As expected, the solution is not unique. The general solution, depending on the parameter
s is

1 -7.5
v=s|1l| + [6.25
1 0
We can choose s so that the v; for one of the teams is zero. This is like grounding a node
0
in a circuit. So, by choosing s = 7.5, s = —6.25 and s = 0 we obtain the solutions |13.75],
7.5
—13.75 —7.5
0 or | 6.25
—6.25 0

Actually, it is easier to compute a solution with one of the v;’s equal to zero directly. If
0
v = |vg| then vy = {02
U3
v3
right 2 x 2 block of L and bs are the last two entries of b.

] satisfies the equation Lovy = b where the matrix Lo is the bottom
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>1.2
>b2
>L2\b2

L(2:3,2:3);
b(2:3);

ans =
13.7500
7.5000

We can try this on real data. The football scores for the 2007 CFL season can be found at
http://www.cfl.ca/index.php?module=sked&func=view&year=2007. The differences in
scores for the first 20 games are in cf1.m. The order of the teams is BC, Calgary, Edmonton,
Hamilton, Montreal, Saskatchewan, Toronto, Winnipeg. Repeating the computation above
for this data we find the ranking to be (running the file cf1.m)

0.00000
-12.85980
-17.71983
-22.01884
-11.37097

-1.21812

0.87588

-20.36966

Not very impressive, if you consider that the second-lowest ranked team (Winnipeg) ended
up in the Grey Cup game!

Summary: Math Concepts

e dot product, norm and orthogonal vectors

e Cauchy—Schwarz inequality

e orthogonal subspaces

e orthogonal complement

e orthogonality of N(A), R(AT) and N(AT), R(A)

e projection onto a line, onto a (hyper)plane orthogonal to a line
e least squares solution

e projection onto the range of a matrix A with N(A) = {0}

e straight line fit using least squares

e ranking using least squares
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Summary: MATLAB/Octave Concepts

e Computing inner (dot) products, vector norms, inverse trig functions.
e Computing projections

e Least squares calculations.
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1.2 Orthonormal bases, Orthogonal Matrices, Gram—Schmidt
and QR decomposition

111.2.1 Orthonormal bases

A basis q1,qo, ... is called orthonormal if

1. ||qs|| = 1 for every i (normal)

2. q; - q; =0 for i # j (ortho).
The standard basis for R™ given by
1 0
0 1
€1 = (ol €= |0

is an orthonormal basis for R™. Another orthonormal basis for R? is
11 1 -1

If you expand a vector in an orthonormal basis, it’s very easy to find the coefficients in the
expansion. Suppose
vV =ci1q1 + 292 + -+ Cpdn

for some orthonormal basis q1,qs,.... Then, if we take the dot product of both sides with
qi, we get

qr -V =2cC19g "q1 + 29k 92 + - + CkQk " Qi - - - + Cpdk - dn
=04+0+-+c+--+0

This gives a convenient formula for each c¢;. For example, in the expansion

AR

we have
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111.2.2 Orthogonal matrices

An n x n matrix Q is called orthogonal if QTQ = I (equivalently if QT = Q~1!). If the
columns of () are q1,qo,...,q, then @ is orthogonal if

al Qi dr 9192 - di-dp 10 - 0

070 a : o [@ g dd 01 -0
= 7 [a a - au]=]| . . . | =

al dn 4l Qn-d2 “* Qn-dp 00 - 1

This is the same as saying that the columns of () form an orthonormal basis.

Recall that for square matrices a left inverse is automatically also a right inverse. So if
QTQ = I then QQT = I too. This means that Q7 is an orthogonal matrix whenever Q
is. This proves the (non-obvious) fact that if the columns of an square matrix form an
orthonormal basis, then so do the rows!

If you multiply together two orthogonal matrices @)1 and @2, then the product Q1Q2 is
also orthogonal. This follows from the fact that (Q1Q2)T = QT QT so that

(QIQQ)TQ1Q2 = QgQ{Q1Q2 = 2TIQ2 =1

Another way of recognizing orthogonal matrices is by their action on vectors. Suppose )
is orthogonal. Then

1QV]* = (Qv) - (Qv) =v - (QTQv) =v v = ||v|

This implies that ||Qv|| = ||v]|. In other words, orthogonal matrices don’t change the lengths
of vectors.

The converse is also true. If a matrix ) doesn’t change the lengths of vectors then it must
be orthogonal. To see this, suppose that ||Qv]|| = ||v| for every v. Then the calculation
above shows that v - (QTQv) = v - v for every v. Applying this to v + w we find

(v+w) - (QTQ(V+w)) = (v+w) (v+w)
Expanding, this gives
vA(QTQV) +w- (QTQW) +v- (QTQwW) +w  (QTQV) =V v+ W - WHV W WV

Since v - (QTQv) = v-v and w - (QTQw) = w - w we can cancel these terms. Also
w-(QTQV) = (QTQ)TW) - v =(QTQw) -v =v-(QTQw). So on each side of the equation,
the two remaining terms are the same. Thus

v (QTQw) =v - w

This equation holds for every choice of vectors v and w. If v =e; and w = e; then the left
side is the 7, jth matrix element @; ; of (Q while the right side is the e; - e;, which is 4, jth
matrix element of the identity matrix. Thus Q7 Q = I and Q is orthogonal.
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111.2.3 Matrices with orthogonal columns

An orthogonal matrix @) is a square matrix whose columns form an orthonormal basis. We
can also think about matrices whose columns are orthonormal, but with too few columns to
form a basis. Such a matrix looks like

Q:[CH q - Qk]

where the q;’s form an orthonormal set (that is, q; - q; = 1 for all 7 and q; - q; = 0 if i # j),
but k is less than the dimension n. For such a matrix Q7Q and QQT are both well defined,
but they have different sizes. The matrix Q7@ is the k x k identity matrix. This follows
from the same calculation we did for orthogonal matrices:

al Qi 91 9192 - qr-dk

070 a5 @ q q q2-41 92-92 - Q2-Qk
- . 1 2 k - . . . .

ai Qe d1 Qr-d2 0 O dk

But if £ < n then QQT cannot possibly be the n x n identity matrix. You can see this,
for example, from the fact that the k& x n matrix Q7 must have a non-trivial null space. In
fact, QQT is a projection matrix that projects onto the vector space spanned by the columns
of Q. To see this recall that the general formula for this projection is P = Q(QTQ)~'QT.
When Q7Q = I this reduces to P = QQ".

111.2.4 Gram—-Schmidt procedure

The Gram—Schmidt procedure takes any collection of linearly independent vectors ay, as, .. ., ag
and produces an orthonormal set q1, qg, ... qx. Each q; is a linear combination of aq,as, ..., a;,
so that for every j, the first j q;’s span the same subspace as the first j a;’s.

So let’s start with a collection aj, as, ..., a; of linearly independent vectors.

Define q; to be the unit vector in the direction of ay:

1
q1 = j7—ra1
[as]]

To define qo we start with ag. The component of as in the direction of q; is the projection
(a2 - q1)q1. If we start with ap and subtract this component we end up with the vector
az — (a2 - q1)q1. This vector is orthogonal to qi, which can be verified by computing its dot
product with q; and checking that it is zero. We define 2 to be the unit vector in the same

direction. )

|az - (a2 : 011)011||

qz = | (a2 — (a2 - q1)q1)
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The remaining q;’s are defined using the same strategy. We start with a; and subtract its
components in the directions q; to qj—1. Then we normalize to make the resulting vector

unit length. Thus

1

a3

and so on.

 las — (a3 - q2)az — (a3 - q1)qi|

111.2.5 The QR factorization

(a3 — (a3 - q2)q2 — (a3 - q1)q1)

The Gram—Schmidt procedure can be interpreted as a matrix factorization. If we solve the

equations above for a; we get

a; = |laiaq

ay = (a2 - q1)q1 + [[a2 — (a2 - q1)q1]|q2

ag = (az-qi)q1 + (a3 - q2)qz2 + ||lag — (a3 - g2)q2 — (a3 - q1)q1/|q3

This can be written as a matrix equation:

[a; ay ag .-+ ay

[011 q2 4q3 - Qk]

[llau

0
0
0

q1 - a2
lag — (a2 - q1)qi|
0
0

qi-as
q2 - as
las — (ag - g2)q2 — (a3 - q1)q1||
0

So any matrix A with linearly independent columns can be factored as

A=QR

q1

where ) has orthonormal columns and the same dimensions as A, and R is an upper trian-

gular matrix with positive entries on the diagonal.

Here is an example. Let

a; =

82
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.ak
q2 -
.ak
q4 -

A
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Then
lay ] = V2
L [
QI::ﬂ“”alzz 0
al _1/\/§
[ 1/V/2 1
qi-az = 0 -1 =1/v2
—1/v2 0
1 [1/2 1/2
a—(q-a)q=|-1|—-|] 0 | =]|-1
| 0 |—1/2 1/2
laz — (a1 -a2)a|| = /1/4 +1+1/4 = \/3/2
1/2 [ 1/v/6 ]
a=2/3|-1|=|-/2/3
1/2 | 1/V6 |

With this information we can perform the QR factorization using the formula above.

11 1/vV2  1/6
0 —1| = 0 2/3[

V2 1/\/5]
-1 0 -1/vV2  1/V6

0 /32

111.2.6 Using MATLAB/Octave for QR

MATLAB/Octave has a built in function for computing the QR factorization. If A is a
matrix, then [Q R] = qr(A,0) produces the factorization above ... almost. Let’s try it
with the example above:

>A=[1 1; 0 -1; -1 0];
>[Q R] = qr(4,0)

Q:
-0.70711  0.40825
-0.00000 -0.81650
0.70711  0.40825
R =

-1.41421 -0.70711
0.00000 1.22474
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This is almost the same factorization as we obtained, except that the diagonal elements of
R are not all positive. In fact, comparing this to the factorization we computed by hand,
the whole first row of R has been multiplied by —1. To compensate, the first column of Q
has also been multiplied by —1. In general, the command [Q R] = qr(A,0) will give the
factorization above, except that some of the columns of Q and the corresponding rows of R
have a sign change. Notice that if we start off with an orthonormal basis and flip the sign of
some of the vectors in that basis, the result is still an orthonormal basis. So the difference
between our factorization and MATLAB/Octave’s is not important.

Running the qr command without the second argument, that is [Q R] = qr(A), gives a
slightly different factorization if A is n x m with n > m. In this factorization @ is a square
n X n orthogonal matrix whose first m columns are identical to the columns of @) in our
factorization. The matrix R is padded with rows of zeros at the bottom, so that the product
QR is the same as before.

Summary: Math Concepts

Orthonormal bases

Orthogonal matrices

Gram—Schmidt procedure

QR factorization

Summary: MATLAB/Octave Concepts

e Using [Q RI=qr(A,0) to find the QR factorization.
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111.3 Complex inner product

111.3.1 Complex numbers (review)

Complex numbers can be thought of as points on the (z,y) plane. The point B], thought

of as a complex number, is written x + iy (or z + jy if you are an electrical engineer).
If z = x 4 iy then x is called the real part of z and y is called the imaginary part of z.

Complex numbers are added just as if they were vectors in two dimensions. If z = x + iy
and w = s + it, then

z+w=(r+iy)+ (s+it) = (x+s)+i(y +1)
To multiply two complex numbers, just remember that > = —1. So if z = 2 + iy and
w = s+ it, then
2w = (x4 iy)(s +it) = xs + i*yt + iys + ixvt = (x5 — yt) +i(wt + ys)

The modulus of a complex number, denoted |z| is simply the length of the corresponding
vector in two dimensions. If z = x 4+ iy

2| = & + iyl = Va2 +y?

An important property is
|zw| = |z]|w]

The complex conjugate of a complex number z, denoted Z, is the reflection of z across the
x axis. Thus « + iy = © — iy. Thus complex conjugate is obtained by changing all the i’s to
—1’s. We have

ZW = ZW
and

27 = |z|?
This last equality is useful for simplifying fractions of complex numbers by turning the
denominator into a real number, since

z 2W
R

S

For example, to simplify (1 +14)/(1 — i) we can write

1+i  (141)? _ 1142

1—i  (1—i)(1+1i) 2
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A complex number z is real (i.e. the y part in = + iy is zero) whenever zZ = z. We also have
the following formulas for the real and imaginary part. If z = x 4 iy then x = (2 + z)/2 and

y= (= - 2)/(2i)

We define the exponential, e, of a purely imaginary number it to be the number
e = cos(t) + isin(t)

lying on the unit circle in the complex plane.
The complex exponential satisfies the familiar rule e'(51t) = eiseit gince by the addition
formulas for sine and cosine

5 = cos(s + t) + isin(s + t)
= cos(s) cos(t) — sin(s) sin(t) + i(sin(s) cos(t) + cos(s) sin(t))
= (cos(s) + isin(s))(cos(t) + isin(t))

— ezs ezt

The exponential of a number that has both a real and imaginary part is defined in the
natural way.

e@Tib — et — %(cos(b) + isin(b))
The derivative of a complex exponential is given by the formula

A (atib)t _ (a + ib)elativ)

dt

while the anti-derivative, for (a + ib) # 0 is

/ latib)egy _ 1 et 4 o
(a4 ib)

If (a + ib) = 0 then e(*+®)t = 0 = 1 50 in this case

/ elatiblt gy — / dt =t+C

111.3.2 Complex inner product

If A = [a;;] is a matrix (or a vector) the complex conjugate is the matrix (or vector) obtained
by conjugating each entry. Thus

A = [a,].
The product rule for complex conjugation extends to matrices and we have

AB = AB
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II1.3 Complex inner product

w1 21
w2 Z2

The complex inner product of two vectors w = | | [ and z= | . | is defined by
Wn, Zn

n
(z,w) =Wlz = Z@izi
i=1

With this definition the norm of z is always positive since
(z,2) = |l2]|” = Z Edk

For complex matrices and vectors we have to modify the rule for bringing a matrix to the
other side of an inner product.

(z, Aw) = <ZTZ,W>
This leads to the definition of the adjoint of a matrix

A=A

(In physics you will also see the notation Af.) With this notation (z, Aw) = (A*z, w).

The complex analogue of an orthogonal matrix is called a unitary matrix. A unitary matrix

U is a square matrix satisfying
U'v=0U0"=1

Notice that a unitary matrix with real entries is an orthogonal matrix since in that case
U* = UT. The columns of a unitary matrix form an orthonormal basis (with respect to the
complex inner product.)

MATLAB/Octave deals seamlessly with complex matrices and vectors. Complex numbers
can be entered like this

>z= 1 + 2i

z= 1+ 2i

There is a slight danger here in that if i has be defined to be something else (e.g. i =16)
then z=i would set z to be 16. You could use z=1i to get the desired result, or use the
alternative syntax

>z= complex(0,1)

z= 0+ 1i
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The functions real(z), imag(z), conj(z), abs(z) compute the real part, imaginary part,
conjugate and modulus of z.

The function exp(z) computes the complex exponential if z is complex.

If a matrix A has complex entries then A’ is not the transpose, but the adjoint (conjugate
transpose).

>z = [1; 1i]

1 - 01 0 - 11
Thus the square of the norm of a complex vector is given by
>z %z
ans = 2
This gives the same answer as

>norm(z) "2

ans = 2.0000

Summary: Math Concepts

Complex numbers: addition, complex conjugate, modulus

Complex exponential, addition formula, differentiation and integration

Complex inner product: definition, norm of a complex vector

Matrix adjoint, moving a matrix from one side of inner product to the other

Unitary matrices

Summary: MATLAB/Octave Concepts

e Entering complex numbers
e real(z), imag(z), conj(z), abs(z)
o exp(z)

e A’ for complex matrices.
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IT1.4 Fourier series

111.4 Fourier series

Fourier’s theorem states that any (sufficiently nice) function f(z) defined for x in the interval
[0, 1] can be expanded in a Fourier series:

[ee]
?0 + 2:1 an cos(2mnx) + by, sin(2wnz))
n=

We wish to understand this expansion from the point of view of linear algebra. In particular,
given f(z), how can we find the coefficients a,, and b,? It turns out that we can interpret
this expansion as an expansion of a vector in an orthonormal basis.

11.4.1 Complex form

To start we will rewrite this expansion in the complex exponential form

00
§ : cnezZan.

n=—oo

The complex exponential form simplifies some of the computations.

Recall that '
' = cos(t) + isin(t).

Therefore
eit 1 it
)= ———
cos(t) 5
it _ it
(f) —
sin(t) 5

To obtain the complex exponential form of the Fourier series we simply substitute these
expressions into the original series. This gives

00
f(x) _ % + Z <a2n (ei27rnx + efi27rnx) + % (ei27rnx _ ei27rnx)>

n=1

o
_ @ aj bj 2TnT aj o bi —i2mnT
‘2*2((2*%)6 T\

%)
_ 2 Cn6127rnz

n=—0oo
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where
ag
CQ—E
cn:% Z—Z for n>0
cn:a;n—b_—n for n<O0.
2 2i

This complex form of the Fourier series is completely equivalent to the original series. Given
the a,,’s and b,,’s we can compute the ¢,’s using the formula above, and conversely, given the
¢p’s we can solve for

a0:260
an =¢Cp+c_, for n>0

b, = ic, —ic_, for n>0

111.4.2 Inner product for a space of functions

We will consider the space of complex valued functions f(z) on the interval [0, 1] that obey

1
/ \f(x)\zdx < 00
0

This space is called L?([0,1]) and is an example of a Hilbert space. If f and g are two
functions in this space, then we define the inner product to be

1
g) = /0 F(@)g(x)da

Here f(z) denotes the complex conjugate of f.

111.4.3 An orthonormal basis

Now we will show that the complex exponential functions appearing in the Fourier expansion

are an orthonormal set. Let

en (.T) _ 6i27rmv

for n = 0,41,42,.... We must compute (e, e;,). Since &,(z) = e~ 2™ we find

1
enyem / 67127rnz zQﬂmxdx
0

1
/ ez27rm n)xdm
0
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If n = m then e27(m=")% — 1 g0 the integral equals 1. On the other hand if n # m then
2™ (M=n)7 hag an anti-derivative 27" =% /27 (m —n) that takes on the same value (namely
1/2m(m —n)) at both endpoints x = 0 and = = 1. Hence the integral is zero in this case.

Thus the functions {e, (z)} form an orthonormal set. In fact, they are a basis for our space
of functions. The fact that they span the space, i.e., that every function can be written as
an infinite linear combination of the e,’s, is more difficult to show. (For a start, it would
require a discussion of what it means for an infinite linear combination to converge!)

However, if you accept the fact that the e,’s do indeed form an infinite basis, then it is
very easy to compute the coefficients. Starting with

[e.9]

flz)= Z cnén ()

n=—oo

we simply take the inner product of both sides with e,,. The only term in the infinite sum
that survives is the one with n = m. Thus

[e.9]

<€m7f> = Z Cn<€m;en> = Cm

n=—oo

and we obtain the formula

1
Cm, :/ e*izﬂmxf(x)dx
0

111.4.4 An example

Let’s compute the Fourier coefficients for the square wave function

1 0<z<1/2
f(x)_{—1 if 1/2<z<1

If n = 0 then e~ 2™ = ¢ = 1 50 ¢q is simply the integral of f.

1 1/2 1
co = / flx)dx = / ldx — / ldx =0
0 0 1/2
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Otherwise, we have

1
cn_/ efi27rnxf(x)d$
0

1/2 ) 1 )
_ / e—zanzdx o / 6—227andx
0 1/2

67i27rmr z:1/2 67i27rnr =1
T —i2mnle=0  —i2mn la=1/2
92 _ 2ei7rn
 27in
_ 0 if nis even
| 2/imn if nis odd
Thus we conclude that -
2 2Tne
€Tr) =
n odd

To see how well this series is approximating f(x) we go back to the real form of the series.
Using a,, = ¢, + c—p and b, = ic, —ic_, we find that a,, = 0 for all n, b, = 0 for n even and
b, = 4/mn for n odd. Thus

f(z) = Z % sin(2rnz) = Z 7r(2n4+1) sin(2m(2n + 1)x)
n=1 n=0

We can use MATLAB/Octave to see how well this series is converging. The file ftdemol.m
contains a function that take an integer N as an argument and plots the sum of the first
2N + 1 terms in the Fourier series above. Here is a listing;:

function ftdemol(N)

X=linspace(0,1,1000);
F=zeros(1,1000);

for n=[0:N]

F = F + 4xsin(2%pi*(2*n+1)*X) /(pi*(2*n+1));
end
plot (X,F)

end

Here are the outputs for N = 0,1, 2,10, 50:
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\f \\
I
W
v,
PmnﬂnmJ“m_ﬂJ
v
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111.4.5 Parseval’'s formula

If v, vo, ..., vy, is an orthonormal basis in a finite dimensional vector space and the vector
v has the expansion

n
v=cvi+---t+cpvp = E iV
i=1

then, taking the inner product of v with itself, and using the fact that the basis is orthonor-

mal, we obtain
n n n
(v,v) =YY aci(vi,vy) = > lail
=1

i=1 j=1

The same formula is true in Hilbert space. If

f(x) = Z cnen(T)
Then . -
[ @k = (1.5 = 3 lef
In the example above, we have (f, f) = fol 1dz = 1 so we obtain
1 — = 2 _— _—
n;oo 72n? TLZ:O m2n? g2 7;] (2n+1)2
n odd n odd
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or

Summary: Math Concepts

e Fourier series: real and complex form

Inner product for functions

Interpretation of Fourier series as expansion in orthonormal basis

Computation of Fourier series coefficients

Parseval’s formula

Summary: MATLAB/Octave Concepts

e Plotting partial sums of Fourier series
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I11.5 The Discrete Fourier Transform

111.5.1 Definition

Suppose that we don’t know the function f everywhere on the interval, but just at IV discrete
points 0,1/N,2/N,...,(N —1)/N. Define f; = f(j/N). Then we can write down an ap-
proximation for the Fourier coefficient ¢; by using the Riemann sum in place of the integral.
The resulting formula is the definition of the discrete Fourier transform.

lNl
—i2wkj /N
N_Oezﬂ]/ fj

.

The first thing to notice about this definition is that although the formula makes sense for
all k, the cx’s start repeating themselves after a while. In fact cpyny = ¢ for all k. This
follows from the fact that e~*?™ = 1 which implies that

e—zZTr(k—l—N)j/N _ e—zQij/Ne—z%r] _ 6—127rkj/N7

so the formulas for ¢ and cgyn are the same. So we only need to compute cg, ..., cn—1.
Next, notice that the transformation that sends the vector [fo,..., fnv—1] to the vector
[coy. .. enN— 1] is a linear transformation, given by multiplication by the matrix F = [F}, ]
with Fk] = _’ZWkJ/N If we define wy = e~ 27/N then the matrix has the form
11 1 1 1
1 wy wJQV w%_l
1 2 4 2(N—1)
N | . N
No1 o 2N-1) (N=1)(N—1)
1wy Wy Wy i

The inverse of F' is given by

1 1 1 1

1 Wy wN? e wy N
Fl=|1 o8 @yt - wy

1 oVl o2V-1) oy V-DIN-1)

where Wy is the complex conjugate of wy given by

ON = ei27r/N _ 1
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II1.5 The Discrete Fourier Transform

To see that this is the inverse, notice that wy® = e 27 = 1 so that wy®™ = 1 as well,

for any integer k. The points wy® for k =0,1,2,..., N — 1 are equally spaced points on the
unit circle in the complex plane, repeated periodically. So when k is not an integer multiple
of N the wé’“v #1

N

Now recall the formula for the sum of a geometric series:

1—2N

(I+z+22 4+ =

1—2z "

When 2z = wf\, the numerator vanishes, and as long as k is not a multiple of N, the denom-
inator doesn’t, so the sum is zero. On the other hand, when £ is a multiple of N so that
z= wfv = 1 then the geometric sum adds up to V.

If you multiply the matrices above, each term in the product has the form of a geometric
sum (try it!) and the formula shows that the result is the identity matrix.

Notice that I = v/NF is a unitary matrix (F 1= F *). Recall that unitary matrices
preserve the length of complex vectors. This implies that the lengths of the vectors f =
[fos f1,--+, fn—1] and ¢ = [cg, c1, ..., cn—1] are related by

1
lell* = S I£1®

or
N-1 1 N-1
2 _ 1 Z 2
S lerl =5 D Il
k=0 k=0

This is the discrete version of Parseval’s formula.

111.5.2 The Fast Fourier transform

Multiplying an N x N matrix with a vector of length N normally requires N? multiplications,
since each entry of the product requires N, and there are N entries. In turns out that the
discrete Fourier transform, that is, multiplication by the matrix F, can be carried out using
only N log,(N) multiplications (at least if N is a power of 2). The algorithm that achieves
this is called the Fast Fourier Transform, or FFT. This represents a tremendous saving in
time: calculations that would require weeks of computer time can be carried out in seconds.

The basic idea of the FFT is to break the sum defining the Fourier coefficients ¢ into a
sum of the even terms and a sum of the odd terms. Each of these turns out to be (up to
a factor we can compute) a discrete Fourier transform of half the length. This idea is then
applied recursively. Starting with N = 2" and halving the size of the Fourier transform at
each step, it takes n = logy(IN) steps to arrive at Fourier transforms of length 1. This is
where the logy (V) comes in.
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To simplify the notation, we will ignore the factor of 1/N in the definition of the discrete
Fourier transform (so one should divide by N at the end of the calculation.) We now also
assume that

N =2"

so that we can divide N by 2 repeatedly. The basic formula, splitting the sum for ¢; into a
sum over odd and even j’s is

N-1
—12nkj /N
Ney = Z e IN§;
J=0
N-1 N-1
—i2wkj /N —i2wkj/N
:Ze ”J/fj+ze mki/N f;
j=0 j=0
Jj even j odd
N/2-1 N/2-1
—i2mk2j /N i2mk(2j+1)/N
:Z “T]/ferZ —mkQIAD/N g
—0 =0
N/2-1 N/2-1
Z —ZQT(k‘]/(N/Q f +e —i2nk/N Z e—zZﬂ'k]/ N/2) f2 1
j=0 7=0

Notice that the two sums on the right are discrete Fourier transforms of length N/2.

To continue, it is useful to write the integers j in base 2. Lets assume that N = 23 = 8.
Once you understand this case, the general case N = 2" will be easy. Recall that

0 =000 (base 2)
1 =001 (base 2)
2=010 (base 2)
3=011 (base 2)
4 =100 (base 2)
5=101 (base 2)
6 =110 (base 2)
7=111 (base 2)

The even j’s are the ones whose binary expansions have the form * % 0, while the odd j’s
have binary expansions of the form = x 1.

For any pattern of bits like * x 0, I will use the notation F<P¥€™m> to denote the discrete
Fourier transform! where the input data is given by all the fj’s whose j’s have binary ex-
pansion fitting the pattern. Here are some examples. To start, F}** = Nc¢, is the original
discrete Fourier transform, since every j fits the pattern * % *. In thls example k ranges over
0,...,7, that is, the values start repeating after that.

LUp to the factor of the number of points in the transform.
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II1.5 The Discrete Fourier Transform

Only even j’s fit the pattern * x 0, so F**0 is the discrete Fourier transform of the even j’s

given by
N/2—1

Fl:*(]: Z efiQﬂkj/(N/Q)féj‘
=0

Here k runs from 0 to 3 before the values start repeating. Similarly, F*%0 is a transform of
length N/4 = 2 given by
N/4—1

FI:;OO — Z efiQij/(N/4)f4j‘
§=0
In this case £k = 0,1 and then the values repeat. Finally, the only j matching the pattern
010 is j = 2, so F,?lo is a transform of length one term given by

FO0 — e i2mk2/(N/8) £ — £
Here we used that N/8 = 1 so that e~ 2™k2/(N/8) — g=i2mh-2 —
With this notation, the basic even—odd formula can be written
Fres = 0 gk el
Recall that wy = e~i2m/N

Lets look at this equation when & = 0. We will represent the formula by the following
diagram.
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This diagram means that Fj** is obtained by adding F{y 0 to w?VFS‘ *L(Of course w?\, =1
so we could omit it.) Now lets add the diagrams for k = 1,2, 3.

(=) /@@

* %)
i)

%]
FIII

2
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II1.5 The Discrete Fourier Transform

Now when we get to k = 4, we recall that F**0 and F**! are discrete transforms of length
N/2 = 4. Therefore, by periodicity F;** = Fz*0, F2*0 = F}*0 and so on. So in the formula
*%(0 sk

Fp* = FPY + wi Ff* we may replace F;*0 and Fj*! with F3*0 and F§*! respectively.
Making such replacements, we complete the first part of the diagram as follows.

*H () *HE

Fp @) Fo

FT*D \/ : [Falc**)
*H () *HE

F} F
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To move to the next level we analyze the discrete Fourier transforms on the left of this
diagram in the same way. This time we use the basic formula for the transform of length
N/2, namely

F];k*() — ];kOO + w?V/QF]:lO

and
k]l 01 k *11
F = Fym twyp by

The resulting diagram shows how to go from the length two transforms to the final transform
on the right.
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Now we go down one more level. Each transform of length two can be constructed from
transforms of length one, i.e., from the original data in some order. We complete the diagram
as follows. Here we have inserted the value N = 8.

Notice that the f;’s on the left of the diagram are in bit reversed order. In other words,
if we reverse the order of the bits in the binary expansion of the j’s, the resulting numbers
are ordered from 0 (000) to 7 (111).

Now we can describe the algorithm for the fast Fourier transform. Starting with the original
data [fo, ..., fr] we arrange the values in bit reversed order. Then we combine them pairwise,
as indicated by the left side of the diagram, to form the transforms of length 2. To do this we
we need to compute wy = e~ = —1. Next we combine the transforms of length 2 according
to the middle part of the diagram to form the transforms of length 4. Here we use that
wy = e ™/2 = —j. Finally we combine the transforms of length 4 to obtain the transform of
length 8. Here we need wg = e~ /4 = 271/2 _ j2-1/2,

The algorithm for values of N other than 8 is entirely analogous. For N = 2 or 4 we stop
at the first or second stage. For larger values of N = 2" we simply add more stages. How
many multiplications do we need to do? Well there are N = 2™ multiplications per stage of
the algorithm (one for each circle on the diagram), and there are n = log, (V) stages. So the
number of multiplications is 2"n = N logy (V)

As an example let us compute the discrete Fourier transform with N = 4 of the data
[fo, f1, f2, f3] = [1,2,3,4]. First we compute the bit reversed order of 0 = (00),1 = (01),2 =
(10),3 = (11) to be (00) = 0,(10) = 2,(01) = 1,(11) = 3. We then do the rest of the
computation right on the diagram as follows.
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Summary: Math Concepts

e Discrete Fourier Transform definition
e Discrete version of Parseval’s formula

e Fast Fourier Transform

Summary: MATLAB/Octave Concepts
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